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Abstract 

We assume the Riemann Hypothesis and an quantitative form of the 
Twin Prime Conjecture, and obtain an asymptotic formula for the second 
moment of S(T) with better error term. 

1 Introduction 

Let p = ft + ij be the zeros of the Riemann zeta function C( s )- For T =/= 7, 

S(T) = iargC(i + iT), 

where the argument is obtained by continuous variation along the horizontal 
line a + iT starting with the value zero at 00 + iT. For T = 7, we define 

S(T) = l\mJ-{S(T + e) + S(T-e)}. 

In [3], Goldston proved that under the Riemann Hypothesis, 



m—2 p 

Here Co is Euler's constant, and 



E£(- + ^J-^)- a) 



F(a) = F(a,T) =(|I log r) * £ T^^w(j - 7') (2) 

0<7,7'<T 



with = 4/(4 + it 2 ) is Montgomery's pair correlation function. Here and 

throughout this paper, p will denote a prime and sums over p are over all primes. 
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In pQ and , the author assumed the Riemann Hypthesis and the following 
quantitative form of Twin Prime Conjecture: For any e > 0, 

N 

A(n)A(n + d) = &{d)N + C^iV 1 / 2 ^) 

n=l 

uniformly in |d| < N. A(n) is the von Mangoldt lambda function. 6(d) = 
2 n p>2 (1 " V(P - l) 2 ) Il P \ d , P >2(P - 1)/(P - 2) if d is even, and 6(d) = if d is 
odd. 

He proved that, for any e > 0, 

r a+ yL[logT-21og27r-2] 
F(a,T) = l +0(aT^) + 0( Til/ . 2 J )alogT ), ^0<a<l-^^, 

{ « + 0(gJ), ifl-^f^<a<l. 

(3) 

Using this and more careful calculations, we have 

Theorem 1.1. Assume the Riemann Hypothesis and the above Twin Prime 
Conjecture. We have 

f\S{t)\ 2 dt = ^loglogT+^r^^da + Co 



EE 

m— 2 p 



l l \ l 



TO TO 2 / p" 



O 



T 



\og 2 T 



So, there appears to be no T/logT term. However, one has to be careful 
about this because we still do not know anything very precise about 

^flda. 

Goldston P] proved that under the Riemann Hypothesis, for any e > 0, 

2 f°° F(a,T) , 

- e < / v I ' da < 2. 
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Montgomery 0] conjectured that 

F(a, T) = 1 + o(l) uniformly for 1 < a < M, 
for any fixed M . This implies 



Ji a 2 



which gives an error term o(T) for our Theorem 11.11 In order to get better 
error terms, one has to understand F(a,T) better for larger range of a, say 
1 < a < logT. This would be a great challenge. 
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2 Preparations 

Essentially, our proof follows that of Goldston |3] . We shall recall some of his 
results. 

Lemma 2.1. Assume the Riemann Hypothesis. For t>l,t^="/.x>A, we 
have 

1 ^-^ -M n ) sin (t log n) /logn s 



= _ _L A(n) sm(tiogn) nogn \ 
7r ^— J n 1 / 2 logn Vloga;/ 



1 f C 

+ - V sin ((i- 7) log a;) / 



u 2 + ((t — 7) log a;) 2 sinhu 



(4) 



t 2 log a; / v t log x / ' 



where 



f(u) = ^ucot (5) 
and A(n) = logp if n = p m , for p a prime and m > 1, and A(n) = otherwise. 

Proof: This is Lemma 1 in [3]. 
Lemma 2.2. For x > 4 and T > 2, 

u du 2 



f I 1 /" c 



1 2 + ((t — 7) logs) 2 sinh'i 



dt 



2~r E - t') Joe*) + °( lo s 3 T )' 

7r z log a; ' 

7,7' 



fc(„) = ( (^-^cot^V)) 2 , tfM<£ 

Proof: This is Lemma 2 in [3]. 
Lemma 2.3. 

fc'(0)=0, *"(0) = ^, 

fc'(^) = -47T 3 , fc'(i-)^-47T 3 + ^, 

= 24^ 4 , fc"(i-) = y - 4tt 6 + 24^ 4 . 
Proof: Straightforward calculations. 
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Lemma 2.4. 

1 f°° 7T 3 

Hv) = - t 27T y) 2 J k " ( u ) e (- u v)du + ^cosy, 
where f is the Fourier transform of f , 

/>oo 

f(y) = / f(u)e(-uy)du, e(u) = e 2 ™ 



Proof: Note that k(u) < min(l, 1/u 2 ), k'(u) < min(l,l/w 3 ) and k"(u) < 
min(l, 1/w 4 ) except at w = l/2n. Integrating by parts twice, 



oo 



k(y) = / k(u)e(—uy)du 



-1 Z" 00 1 

k(u)de(—uy) = - — — / e(—uy)k'(u)du 



2?rzy J_ 00 2niy J_ 

-1 f°° 1 f 00 

1 

(27riy) 2 
i + 



k"(u)e(— uy)du 

oo 

+ (k'(—) - )V(— ) + ( k'(- — ) - k'(-—))e(-^-) 

V V 2tt V 2ttV V 2tt V V 2vr V 2tt V V 2vr 

f°° 7T 3 

/ k" (u)e(—uy)du -\ oCOsy 

J-oo V 



-1 
(2^) 

by Lemma 12.31 and the fact that k(u) is even. 
Our key improvement is the following 

Lemma 2.5. Let x = . For any (3 > 0, 

e fe((7-v)iog*) 4 j 7 ( :z'L 

0<7,7'<T W ' ' 

tt 2 T F([3) T 



F(a)k"(-^-r)da, 



16 log T (3 2 64ir 4 logTf3 3 y ' \2ir/3J 

where F(a) is as defined in 
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Proof: By Lemma \2. 41 the above sum 
= on 7 "" ^2 E cos ((7 -7') log x) 1 



k"{u)e{— u(7 — 7') logx)dii- 

-00 



(2Tlog^) 2 Q<7 ^< T y-oo WV 4+( 7 -7') 2 

V b y 0<7,7'<T 



1 



(47rlogx) 2 J_ 



^ e(— u(7 — 7') log x)w{ r ) — 7')^ k"(u)di 



0<7,7'<T 



^3 JL log T — IoeT r°° 

= *n % m - ( 2 A \ r 2 / F{2-KuP)k"(u)du 

8(loga;) J [A-KlogxY J_ 00 

which gives the lemma by substituting a = 2t:u(3 in the integral. 

Using Lemma 12.21 and Lemma 12.51 we have the following improvement of 
Lemma 3 in j^j: 

Lemma 2.6. Let x = . Then for (3 > 0, 

T r°° / a \ T F(f3) 



R = 



_J(a)k(—) d a + 



/OO . 



(2tt 2 /3) 2 " ' 16 log 2 T P 3 

T 

64tt 6 /3 4 log 2 T J- c 
Proof: We simply note that 

£ H(l-7') l °S x ) = Yl fc((7-7') lo S a: ) w (7-7') 

0<7,7'<T 0<7,7'<T 

(7-7O 2 



£ fc((7-7')loga;)- 



'4+ (7-7M 2 

0<7,7'<T W ' ; 

Using Lemma f2. 21 and Lemma [2.51 we get the second and third terms. Mean- 
while, 

fc((7-7')logx)w(7-7') 

0<7,7'<T 

/oo 
k{u) e(— 11(7 — 7') loga;)u>(7 — j')du 

~°° 0<7,7'<T 

= — logT / F(2iruf3)k{u)du 

27T J_ 00 

TlogT Z" 00 / a 



{2vyp 

which accounts for the first term 



IZ F[a)k & a - 
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Lemma 2.7. For any > 0, 



Proof: Integrating by parts twice. 

Lemma 2.8. Assume the Riemann Hypothesis and Twin Prime Conjecture. 
For any e > and < (3 < 1, 



da 



2ir 2 (3 2 



7T , 7T 

1 h log - 

8 B 2 

rP 



^-da- log p 



+0 



2(lo g T + C)l T^k^da 
logT 



O 



o 



^2 1og 4 T/ VT(l/2-e)^; Vlog 2 T 

with C = -21og27r - 2. 

Proof: Let ex = 3 log log T j log T. Since F and k are even, 

£ ^ m*(5s> -or + c + l + iy {a) "^> 

=2{h+I 2 + h+h) 
From 0, with C = -21og27r - 2, 







J 


h = 


a 


+ - 


Jo L 












+ 


c 


r 









rP 




7T/3 


= / « 




in 




a 



fo^T + C 



J 1 2ct 



7T/3 7T 



cot ( ) 

2 V 2/T 



c/a 

/3 T -(l/2-e)a a 2 



da 



logT /? 2 

cot Q]^ (logT + C) /V 2 «K^) 



c/a 



^/? 2 log 4 T 



(3 2 log 4 T 



because cot(a;) = l/x + 0(x) when < x < ir/2. The first integral is elementary 
to evaluate. 



h = 7T 2 f3 2 



7T 7T 

1 ~ ~8~ S 2 . 



.a 



+ (logT + C) / T-"*k[ — )da + 



1 



/3 2 log 4 T> 



G 



By again, we have 



a + 0(aT a ~ 1 ) + O 



logT M^/3\ 2 , 
— da 



y(l/2-e)a 

7r 2 /3 2 [log (1 - e T ) - log/3] + 0(j^;) + o( 

+ (bgr)]b) 



1 — £t 

2 



log 4 T/ 
rfcv 



T (l/2-e)P 



7T 



/3 2 log (1 - ET ) + o(-^- f r^rfa 
VlogT 7i_ 



^lo g (l-e T ) + o(-^-) 



Finally, 



\or z T 
F(a) 



da. 



Combining the results for Ii, I2, I3 and J4, we have the lemma. 

Lemma 2.9. Assume the Riemann Hypothesis and Twin Prime Conjecture. 
For any e > and < j3 < 1, where (3 — log x j logT, 



da =4tt 6 / 3 2 - 24tt 4 /3 4 + 48tt 4 /? 4 



T(a) 



+ 32^ 2 /? 2 (logT) 2 (logT + C) J T- 2a k(£-^da 

+ o(-^-) + o(, logT 
vw 2 T/ v 



iT (l/2- £ )/3 



Proof: Let ct = 3 log logT/ logT. Again, since F and k are even, 



da =2 



/3 



1— 



10 J0 Jl-CT 

=2(Ji + J 2 + J3 + J4) 



V ; V27T/3 



da 



By ©, 



Jx = [ + 16 7 r 2 /3 2 (logT) 2 (logT + C) ^ ^k(^)da 

r f3 j7-(l/2-e)a 



Of / aT^do j - O 

I.1/27T 



logT 



-<ia 



=4tt 2 /3 2 / wfc"(u)dw + 16tt 2 /3 2 (logT) 2 (logT + C) / T- 2Q fc( — -)da 
Jo Jo V2tt/3/ 



of 



T /3- 



Wog z T 







1 



log 2 T 
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since k"(x) -C 1 when < x < l/2n. Using integration by parts twice and 
Lemma 12.31 to compute the first integral, we have 



Jl =27T 4 (7T 2 - 6)/3 2 

■ o- 1 



16^ 2 /3 2 (logT) 2 (log T + C) jf" T~ 2a k{£^)da 



•log 2 T 
By again, we have 



J 2 = 



P 



--I2ir 4 f3 4 

1-62 



a + 0(aT Q - 1 ) 

r 1 1 

^~ (1-er) 2 



o 

24tt 4 /? 4 



n / lQ g r \1 /247^r\ 

1 \ „/ logT 



da 



log 4 T 



O 



T {l/2-e)0 



=12tt 4 /3 4 



=12^ 4 /3 4 



+ (l^r)](^) 

o 



r/a 



1 



(l-e T ) 2 
1 

(1-er) 2 



1 



/? 4 



Finally, 



J 4 = 24tt 4 /? 4 



logT^! 
log 2 T 



T a ~ L da 



da. 



Combining the results for Ji, J2, J3 and J4, we have the lemma. 
Combining Lemma \2. 61 Lemma \l. 81 and Lemma \2. 91 we have 

Lemma 2.10. Assume the Riemann Hypothesis and Twin Prime Conjecture, 
for fixed < < 1, where (3 = log a:/ logT, 



R=- 



T 

2^2 



7T , 7T 

1 -y +l0g 2 



3T 



F(a) 

-V^da- log 



3T 



8tt 2 log^ T 



4tt 2 log 1 " T Ji 



F(a) 



T 



da + 0( — o( 

Vlog 2 T/ V/?4 log 4 T 



Note: This is a more precise version of Lemma 4 of gj. Also, we keep some 
of the T/ log 2 T terms explicit because one can actually make the 0(T/ log 2 T) 
error term = C\ T / log 2 T + O (T log log T / log 3 T) for some constant C\ by using 
Theorem 1.1 in 0. 

Following [3] , we need to compute the mean value of the Dirichlet series in 
Lemma 12. II and the cross term obtained from multiplying S(t) with this series. 
Let 



G(T) = 



\- — 



A(n) sin (t log n) / log n 



logn 



V log X I 



dt 
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and 



K h ^ n 1 / 2 logn Vlogx/ 

n<x 

where / is denned as in (JSJ). We need a lemma. 
Lemma 2.11. For C>2 and k>l, 

En k 1 
(7™ <fc C' 

n— 1 

Proof: First, we note that u k C~ u is decreasing when it > lo ^ c . So, 



oo i, fe/ log C u k 

En" " i \ -< « 

£<n — / j Qn / j Qn 

n=l n=l n>k/logC 

, k \ k 1 

< 



by integration by parts. This gives the lemma. 

From p. 165-166 of we have, assuming the Riemann Hypothesis, 

g(t) = -^y:^ff 2 (r^)+o( x % (6) 

v ' 2tt 2 ^ x n\ogn Vlogz/ y h w 

for any e > 0. Adding JBJ and J7J, we have 



m— 2 p 771 <a; 



^ [5i - 25 2 - S 3 + S 4 ] + 0(x 2+e ). 



OO OC 1 1 

Z ^ Z j jj^Zfpm \ / 4 Yfl / j Ji rn 

m—2 p m—2 n>x 1 / m 

oo ^ cx 

m— 2 p m—2 

°° 1 1 

~~ 51 zC m 2 p m + ^( x l/2 

m=2 p ^ 
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By Taylor's expansion of tana;, we have f(u) = 1 + 0(u 2 ) when < u < 1. 
Thus, 



Sa 



^ oo 

« arE™ 2 E 



log 4 p 



log x tri P" 

° m=2 p m <x 



. oo oo .4 

« -^y™ 2 y y ^~ 

1ok 4 t ^ 2 ml 

iu & * m=2 i=l 2 i <p<2 i + 1 



.00 00 .4 

1 \ ' 2 \ " ^ 

log 4 a; , (2 m ~ 1 Y 

1 00 2 1 

1 ^ m? 1 
log 4 a; 2™- 1 log 4 a; 



by using Lemma 12 . 1 II twice. 
We now define 

t(u)= y: l 

2<p<u ^ 

and have 

T(u) = loglogu + C +^(log(l--) +-) +r(u), 

p P P 

where r(u) -C \ogu/^/u under the Ricmann Hypothesis, and the sum over 
primes on the right is equal to 



00 1 

-EE—- 

m— 2 p 

Then, 

J 2 WogxJ ulogu J 2 WogxJ 

Similarly, 

S2= r/to-*L.+ r/(^)*.(«)=j 1+ j 9 . 

J 2 Vloga;/ ulogu J 2 vlogx/ 

Thus, 



Si - 2S 2 = Ji - 2Ji + (J 2 - 2 J; 



2) 
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By integration by parts, 
h-2J 2 = - 



I V log x 

2/(^)/'(^)-/'(|^) 
Vlogx/ Vlogx/ Vlogx/ 

<r>-<r)[ f Qg)-i]' 

log a; J 2 Vlogx/ L Vlogx/ 

-Ioglog2-Co+ V V — 

z — ^ z — ^ m n 



r(u) 



du 



ulogx 



- 1 



du 
u 



m—2 p 



mp 







1 



log 4 a; 



Q / 1 lQgM / logU X / l0gM N 2 rfM\ 

V log x J 2 \pu V log x ) V log a; / u / 

00 1 1 

loglog 2 - Co + £ ^ -— + 0(— j-j 
^— i£ — ' mio" 1 V log* x ' 



m—2 p 



because f(u) = 1 + 0(u 2 ) and f'{u) <C u when < u < 1. The integrals in 
Ii and Ji are elementary to evaluate. Using it cot u = 1 — u 2 /3 + (9(m 4 ) and 
sin it = u — tt 3 /6 + 0(w 5 ), one has 



•/i 
Hence, 

Sx - 2S 2 

Therefore, 



, , n ^ , t ^ 2 (log2) 2 ^ 

log log a; - loglog2 - — + 1 - log - + \ & 2 + O 
o 2 12 log x 

log log a; - log log 2 - log ^ + 7777^ + (7— 

2 24 log x Mog 4 x 



log x 



7T 7T 2 °° 1 

loglogx + log|-^- + l-C + — 



O 



m—2 p 



mp" 



log 4 x 



G(T) + H(T) =X [- log log x + log I - ^ + 1 - Co 



^.^-Xm m 2 )» m . + °(loe- 4 x)' 



1 \ 1 



771 777 / p 



T 



(8) 



* log 4 X / 



m—2 p 

3 Proof of Theorem 11.11 

Suppose x = T 13 and (3 is a fixed positive number less than 1/2. We have, 
by Lemma 12.11 that (@J holds except on a countable set of points. Hence, on 
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squaring both sides of (0} and integrating from 1 to T, 



j {S{t)fdt + H{T) + G(T) = R + 0{T x ' 2 x 1/2 ), 

where the error term is obtained by Cauchy-Schwarz inequality since R -C T. 
The lower limit of integration may be replaced by zero since J^(S(t)) 2 dt <C 1. 
Then, Lemma f2. 101 and © give the theorem. The author would like to thank 
Professor Daniel Goldston for suggestion and discussion on this problem. 
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